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1. INTR~DIJCTI~N 
Let K be a compact subset of the plane. K need not be connected nor of 
finite connectivity, but it will be assumed that each component of the com- 
plement of K has a Green’s function. Work of J. L. Walsh is utilized to 
construct an interpolation basis (Q n : 12 = 0, 1,2 ,... ), of rational functions 
with poles off K, for the functions analytic on K, with the topology of uniform 
convergence on compact subsets of some open neighborhood of K. A 
sequence (Q la : PI = -1, -2, -3,...) of rational functions with poles on K 
is then constructed such that cf, en(z) Q-,&w) = I/(w - z) for w  and z 
on suitable subsets of the plane. This is used to construct, for any basis 
(Plc : k = 0, 1, 2,...) for the functions analytic on K, a sequence 
(Plc : k = -1, -2, -3,...) such that cf, Pk(z) P--k--1(~) = I/(w - z). This 
construction is applied to the expansion of topological vector space-valued 
functions holomorphic on K. Examples are given involving orthonormal 
polynomials and Faber polynomials. 
2. INTERPOLATION BASES 
Let K be a compact subset of the plane, each component of whose com- 
plement having a Green’s function. Such a set K will be called a coregular 
set. Let e be the unbounded component of the complement of K, let F be its 
Green’s function with pole at infinity, and let K, be the complement of e. 
For each extended real number x > 1, let E(x) be the set of all z such that 
*This paper is dedicated to Professor J. L. Walsh, whose work, interest, and en- 
couragement, both before and after the author’s graduate studies, have been a great 
source of help and inspiration. 
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either z is in K, or exp(F(z)) < x; let L(x) be the set of all finite z such that 
exp(F(z)) = x (oriented so that E(x) is to the left of L(x)), and let e(x) be 
the set of all z such that either z is the point at infinity or exp(F(z)) > x. 
Choose points (b(n): n = 1, 2, 3,...) in K such that 
I lim(z - b(l))(z - b(2)) *.. (z - &))I’/” = D exp(F(z)), (2.1) 
where D is the capacity or transfinite diameter of K,, , and the convergence 
is uniform on compact subsets of e. (We may, for example, choose for 
k = 1, 2 ,... points b(k, I), b(k, 2) ,..., b(k, k) so as to maximize the modulus 
of the k-th Vandermonde determinant n,Fcj (z(i) - z(j)) on K,, and let 
(b(n)) be the sequence b(1, I), b(2, l), b(2,2), b(3, 1) ,..., b(k, k) ,... [6, pp. 170, 
1571. The maximum principle insures that these points lie on the boundary 
of K, and thus in K.) Uniform convergence on compact subsets of an open 
set 0 containing a set S will be called compact-open convergence in 0 or 
compact-open convergence on S. 
Let 
QoW = 1; Q&> = (z - Nl)) -.- (z - &)), 
Q-n(z) = l/Q&>, n = 1, 2,... . 
(2.2) 
If x is any number > 1, then by (2.1), xnZt, QJz) Q-n-l(~) converges uni- 
formly for z on any compact subset of E(x) and w  on any compact subset 
of e(x). If f is any function analytic on K,, , then f is analytic in E(x) for 
some x > 1, so 
f(z) = : N4 Q&>, B(n) = WW j-cyj f(t) Q-n-#> dt, (2.3) 
Vl=O 
for any y such that 1 < y < x, the convergence of the series being compact- 
open in E(x) [6, pp. 65, 761. The coefficients in this compact-open representa- 
tion off are uniquely determined since, for every n, k = 0, 1, 2,..., 
WW j-, Qdt) Q-n-,(t) dt = L , 
where a,, = 1 if n = k, and = 0 otherwise. Now if w  is any finite point in e, 
then w  is in e(x) for some x > 1, and if z is in E(x), then, from (2.3), 
l/b+’ - z> = $ Qn(zWW s,,., (Q-n-,O>/<w - t)) dt = f en(z) Q-n-l(w), 
?Z=O It=0 
the convergence being uniform for z on any compact subset of E(x) and w  
on any compact subset of e(x). 
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If f is analytic in e(x) n E(y) where 1 < x < y, and if z is any point in 
e(x) n E(y), choose r, s such that x < I < exp(F(z)) < s < y. Then 
f(z) = (1/24 j,,,, (f(t)/(t - z)) dt - (l/2+) jrcrj (f(tMt - 4) dt 
= 2 (Qdz)W77i) j,,,, f(t) Q-n-b) dt 
7L=O 
and so 
+ Q-,-,(z)Wd j,,, f(t) Qn<t> W 
f(z) = f 84 Qn(z>, n=--00 W9 = (VW jLfW Q-n-&> dt; 
where L = any L(s) between z and L(y) for nonnegative n; L = any L(r) 
between z and L(x) for negative n; and the convergence of the series repre- 
sentingf is compact-open in e(x) n E(y). 
Now let ej be any fixed bounded component of the complement of K, 
let a(= a(j)) be a fixed point in ej , let e = H(ej) where His the linear frac- 
tional transformation given by H(z) = l/(z - a), and let K, be the comple- 
ment of e. If F is Green’s function for e with pole at infinity, then by unique- 
ness, Fj(z) = F(H(z)) is Green’s function for e, with pole at a. If we define 
E(x), L(x) and e(x) as above (using F(z)), then we can define E,(x), Lj(x) 
and ej(x) as the images of E(x), L(x) and e(x) under H-l (or equivalently, 
we can define them directly in terms of Fj) with Lj(x) oriented so that &(x) 
is to its left. Let (b(n): n = 1, 2, 3,...) belong to the boundary of K, (= outer 
boundary of H(K)) and be such that (2.1) is satisfied, and let b(j, n) = 
H-1(b(n)), n = 1, 2, 3 ,... . If f is analytic in &(x) for some x > 1, then 
g(u) =f(H-l(u)) is analytic in E(x); so, from (2.3), f(z) = g(u) = 
CL, N4 Q&4 where Qo(4 = 1; 
Q&) = (u - b(l)) ... (U - b(n)) 
(z - b(j, 1)) -** (z - wj, 4) 
= (z - ~2)~ (a - b(j, 1)) *.. (a - b(j, n)) = l’Q-n(U)’ 
for n = 1, 2, 3,...; while 
= f@O’, 1)) = W71Q j,.,,, W>/(t - W, 1))) dt + f(a) 
I 
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for any y such that 1 < y -=c x, and 
B(4 = W-W /,,,, Q-n-d4 g(v) dv 
= ((b(j, n + 1) - a)/274 
X 
s 
(t - u)+l (a - b(j, 1)) **. (a - b(j, n>)f(t) dt 
Lj (Y) (t - b(j, 1)) ... (t - b(j, n + 1) 
for n = 1,2, 3 ,... . Thus if we define 
Qid.4 = 1; 
Q&> = (z - Wj, 1)) **f (z - Wj, 4) (z - a)n (b(j, 1) - a) 3.. (b(j, n) - a) ’ 
Q,,-I(Z) = ’ z - b(j, 1) ’ 
Qj -n(Z) = (’ - Up-2 @(j? ‘1 - ‘> “- @(i n, - ‘1 
(z - b(j, 1)) .. * (z - b(j, n)) ’ 
thenf(z) -f(a) = Zf,, Wj, 4 Qd.4, where 
n = 1, 2, 3,...; 
(2.4) 
n = 2,...; 
Nj, a> = (l/2+) i, I (y) f(t) Qi,-n-l<t> dt 
for any y such that 1 < y < x, and the convergence of the series is compact- 
open in E&c). The coefficients in this compact-open representation off are 
uniquely determined, since B(j, 0) =f(b(j, 1)) -f(a) while 
(W74 I,, Q& QGn-,<t> dt = %, , n = 1, 2, 3,...; k = 0, 1, 2 ,... . 
(2.5) 
Moreover, as above, if w  is any point different from a in ej , then w  is in 
e&x) for some x > 1, and if z is in E,(x), then 
ll(w - 4 = z. Q&)WW s,,,,, <QG~-dO/<~ - 0) dt 
2 
P-6) 
where the convergence is uniform for z on any compact subset of Ej(x) and 
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w  on any compact subset of e&x). Again, as above, if f is analytic in 
ej(x) n E,(y), then 
f(z) = 2 Xi, n) Q,,(z), mn) = (112~i) Q(t) ~~,-~-,(t) dt (2.7) 
n=-I, , 
where Lj = any Lj(s) between z and Lj( y) for nonnegative n; L = any L,(r) 
between z and Li(x) for negative n; and the convergence is compact-open 
in ej(x) r\ Ej( y). 
Finally, let K be any coregular set, let (ej : j = 0, 1,2,...) be the components 
of the complement of K, with e, the unbounded one; choose a point aj in 
each ej , with a, the point at infinity; and let Fj be Green’s function for e, 
with pole at aj . Let Xbe the set of all sequences (x(O), x(l), x(2)...) such that 
each x(j) is an extended real number > 1 and all but finitely many of the 
x(j) = co. If x is in X, define &(x) = E,(x(j)), ej(x) = ej(x(j)) and 
Lj(x) = Lj(x(j)) as above, let E(x) be the intersection of the Ej(x), let e(x) 
be the union of the ej(x), and let L(x) be the union of the Lj(x), where all 
of these unions and intersections are taken over those j for which x(j) < co. 
For each j = 0, 1,2,... choose (b(j, n): n = 1,2,3,...) in K (on the boundary 
of ej) as above, and define (Qjn : n = 0, fl, f2,...) by (2.2) when j = 0, 
taking b( j, n) = b(n); and by (2.4) when j > 0, taking a(j) = a; for negative 
n we make the convention that Qin is defined as just stated on ej, and as 
identically zero on the complement of ej . The sequence 
Q = (Qin : j = 0, 1, 2 ,...; n = 1, 2, 3 ,...) U (Qoo) 
will be called an interpolation basis for K. We sum up in 
THEOREM 1. Let K be a coregular set and let Q be an interpolation basis for 
K. Then for any x in X, (2.6) holdsfor each j = 0, 1,2,..., the convergence being 
uniform for z on any compact subset of Ej(x) and w  on any compact subset of 
ej(x). If f is any function analytic on K, then there exists x in X such that f is 
analytic in E(x), andf can be expanded uniquely in the form 
f(z) = NO, 0) + f 5 4, n) Q&), 
j=o n=l 
WJ 0) = i (l/24 sLcvj f(t) Qdt> 4 (2.8) 
j=O 
Nj, 4 = (l/24 sLcIJ f(t) Qj.-dt> dt, j = 0, 1, 2,...; n = 1, 2,..., 
for any y < x in X (with y(0) < co), the convergence of the series being com- 
pact-open in E(x). Moreover, for j = 0, 1,2,..., (2.5) holds for Li = any L?(x) 
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such that x(j) < co. Finally, if f is analytic in e(x) n E(y) for some x < y 
in X, then (2.7) holds for z in ei(x) n E,(y), with compact-open convergence 
in ej(x) n Ej(y). 
Proof. If f is analytic on K, it is analytic in some neighborhood 0 of K, 
and there exists a positive integer Nsuch that ei is contained in 0 for all j > N. 
Thus there exists x in X with x(j) = co for j > N, such that f is analytic in 
E(x). If z is in E(x), then z is in E(y) for some y < x in X, so, from (2.6) 
(we may assume y(0) < co), 
f(z) =(1/2d) jLc,, (f(tY(t - 4) dt = f. (VW jLjcr) (f(t)l(t - 4) dt 
and thus (2.8) holds, by the convention that Qj,.+,(t) = 0 for t on L,(y), 
k # j, and the fact that 
s f(t) Qw-dt> t = 0, j > N. Lib) 
The uniqueness of the coefficients of the nonconstant terms in this compact- 
open representation off follows from (2.5) and the fact that 
s Lj(Y) Qmdt) Qi,-n-,(t) dt = 0 
forj,m,k=0,1,2 ,..., n=l,2,3 ,..., and m # j; since in each case, except 
j = 0, the integrand is analytic on the bounded set e&); and when j = 0, 
Li( y) is outside all the poles of the integrand, and the degree of the denomin- 
ator in the integrand is larger by two than the degree of the numerator. The 
uniqueness of the coefficient of the constant term follows from the unique- 
ness of the other terms. This completes the proof of the theorem. 
3. BASES 
Let K be a coregular set, let x be in X and let P = (Ph : k = 0, 1, 2,...) be 
a sequence of functions analytic in E(x) (except possibly at the points a(j)). 
If every function f analytic in E(x) can be expanded uniquely in the form 
f(z) =f 4k) P&h 
k=O 
(3.1) 
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the convergence being compact-open in E(x), then P is called a basis for 
E(x) (with compact-open convergence). If each Pk is analytic on a fixed open 
set containing CI(E(x)) = closure of E(x); and if every function f analytic 
on Cl(E(x)) can be expanded uniquely in the form (3.1), the convergence 
being compact-open on Cl(E(x)), then P will be called a basis for Cl(E(x)). 
If P is a basis for E(x) and Cl(E(x)) for every x in X, then P will be called 
a basis for K. Every interpolation basis for K is a basis for K. 
THEOREM 2. Let P be a basis for Cl(E(x)) and E(y), for some x < y in 
X. Then there exists a sequence (P Ic : k = -1, -2, -3,...) of functions 
analytic on e(x) such that, for every q in X with x < q < y, there exist r, s 
in X with x < r < q < s < y and 
w - z> = f Pk(4 P-k-,(W), 
k=O 
(3.2) 
the convergence being uniform for z on CI(E( y)) and w on Cl(e(s)), and also 
uniform for z on CI(E(r)) and w on Cl(e(q)). 
Proof. Let Q be an interpolation basis for K. If x(j) < co, then Qin 
is analytic on E(x) for n = 0, 1, 2 ,..., and so there exist complex numbers 
G(j, n, k) such that 
Q&> = f GO, n, k) Pk(z), 
k=O 
(3.3) 
the convergence being compact-open on E(x). If (B(n): n = 0, 1,2,...) is any 
sequence of complex numbers such that f(z) = Cl, L?(n) Qjn(z) converges 
compact-openly on CI(E(x)), then f can be expanded in the form (3.1) with 
A(k) = CL, B(n) G(j, n, k) [5, Theorem 9.3, p. 4441. From (2.6) it follows 
that 
pj,-k(z) = f (Xi, n, k - 1) QG,&>, k = 1, 2, 3 ,..., (3.4) 
TL=O 
converge Compact-Openly on ej(X). For k = 1, 2, 3,... we define &(z) = 
P&z) for z in ei , for those j for which x(j) < co. Since P is a basis for 
E(y), there exists an s in X, with q < s < y, such that, if 
Ni,&, w) = 1 2 G(j, n, k) Pk(Z) Qj,-,dw> 1, 
k=O 
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then 
nj max(max(l\ri,,(z, w) : z in Cl@(q)), w  in Cl(e(s))) : m = 0, 1,2,...) < 00 
for each j satisfying q(j) < co [S, Theorem 7.3, Corollary 2, p. 4421. Thus 
reversal in the order of summation is justified in the following sum, based 
on (3.4), for z in Cl(E(q)) and w  in Cl(e,(s)): 
& Pk(4 P-k-,(W) = 2 Pk(4 PA-k-I(W) 
k=O 
by (3.3) and Theorem 1. A similar argument, which makes use of [5, Theo- 
rem 7.3, p. 4411 completes the proof of the theorem. 
An examination of the proof of Theorem 2 yields the following 
COROLLARY. If P is a basis for K, then there exists a sequence 
(Pk : k = -1, -2, -3,...) offunctions analytic on the complement of K with 
the property that, for every q in X, there exist r, s in A’, with r < q < s and 
s(j) < co whenever q(j) < 03, such that (3.2) holds, the convergence being 
uniform for z in Cl@?(q)) and w  in Cl(e(s)), and also uniform for z in Cl(E(r)) 
and w  in Cl(e(q)). 
Compare [5, Theorem 24.1, p. 4661 for Theorem 2 in the special case in 
which K is a disk, and [4, Theorems 1, 51 for Theorems 1 and 2 in the 
special case where the complement of K is connected and bounded by 
finitely many nonintersecting analytic Jordan curves. 
4. VECTOR VALUED FUNCTIONS 
Let V be a complex Hausdorff locally convex topological vector space 
whose topology T has the property that the closed convex balanced hull of 
every T-compact set is T-compact. V will satisfy this condition, for example, 
if it is quasi-complete [3, Proposition 7, p. 2341. Thus V can be any complex 
Banach or Frtchet space. Let 0 be an open subset of the complex plane, and 
let f be a function from 0 into V such that, for every continuous linear 
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functional h on V, the complex function /zcf(z)) is analytic in 0. The func- 
tion f is said to be weakly holomorphic in 0. It follows that f is T-continuous, 
and that if L is any rectifiable Jordan curve which, together with its interior, 
lies in 0, then 
for all z in the interior of L, where the integral is the T-limit of partial 
vector sums [2, Theorem 1, p. 371. 
THEOREM 3. Let K be a coregular subset of the complex plane, let P be a 
basis for K (as in Section 3), and let V be a complex Hausdorfl locally convex 
topological vector space, whose topology T has the property that the closed 
convex balanced hull of every T-compact set is T-compact. Then every 
V-valued function f which is weakly holomorphic in an open set containing K 
can be expanded uniquely in the form (3.1), where each A(k) is in V, and the 
convergence is T-compact-open on K (that is, (3.1) converges with respect to T, 
untformly on compact subsets of some open neighborhood of K). 
Proof. Let y in X be such that f is weakly holomorphic on E(y). If z 
is in E(y), then z is on L(q) for some q < y in X, and by the corollary to 
Theorem 2, there exists an s in X with ‘q < s < y, and a sequence 
(Pk: : k = -1, -2, -3,...) of functions analytic on the complement of K, 
such that (3.2) holds, the convergence being uniform for z on Cl(E(q)) and 
w  on Cl(e(s)). But then Cz=,, Pk(z) P-&t) f (t) converges with respect to T, 
uniformly for z on Cl(E(q)) and t on L(s) (sincef(L(h)) is T-compact in V), 
and so (we may assume s(O) < co) 
f(z) = (lb-i) jrcsj (f(t)/@ - 4) dt = (VW j,,,, ,fo Pdz) &-&)f(t) dt 
where the uniform convergence, for z on CI(E(q)) and t on L(s), of the series 
under the integral sign justifies the reversal of the order of integration and 
summation (since the T-continuity of a V-valued function g on the compact 
set L(s) implies that the integral of g around L(s) is in the compact set formed 
by multiplying, the closed convex balanced hull of g(L(s)) by the length of 
L(s)), and also implies the uniform convergence of the last series for z on 
Cl(E(q)). Each A(k) is independent of s as long as q < s (and s(O) < co), 
and so the series in (3.1) is well-defined and converges uniformly in a neigh- 
borhood of each point of E(x), and therefore compact-openly on E(x). If 
640/6/3-6 
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h is any continuous linear functional on V, then h(f(z)) = Cz=, h(A(k)) PL(z), 
since for each z the series in (3.1) converges with respect to T. Thus the 
numbers @(A(k)): k = 0, 1,2,...) are the uniquely determined coefficients in 
the expansion of the complex function h(f(z)) with respect to the basis P, 
so if f(z) = CT=,, B(k) PK(z) with T-compact-open convergence, then 
l@(k)) = h@(k)) for every T-continuous linear functional h, and so B(k) = 
A(k). Thus the expansion in (3.1) is unique, and this completes the proof of 
the theorem. 
5. EXAMPLE 
Let K be a coregular set, let ej be a bounded component of the complement 
of K, let a (= u(j)) be a point in ei , and let H (= Hi) be the linear fractional 
transformation given by H(z) = l/(z - a). Let e = H(ej) and let K,, be the 
complement of e. Let p = (pk : k = 0, 1, 2,...) be a sequence of polynomials 
with exact degree of pk = k, which is orthonormal with respect to integration 
over K, , or around the boundary of K. if it is rectifiable, with any positive 
continuous function allowed as weight function. Then p is a basis for K,, 
[6, pp. 91-7, 125-81. Similarly, if the boundary of K,, is an analytic Jordan 
curve, we may take p to be the sequence of Faber polynomials associated 
with the curve [I, pp. 8671. In any of these cases, any function f analytic 
on K. can be expanded uniquely in the form (3.1), the convergence being 
compact-open on K. . If f is analytic on the complement Kj of ej , then 
g(u) = f(H-l(u)) is analytic on K, ; so f(z) = d4 = C:=‘=, 44 PXW = 
Xf, -WI p,(H(z)) = C;+, A(k) Pd z w  ) h ere each P, is a rational function 
of degree k with pole at a, the convergence being compact-open on Kj , and 
the coefficients uniquely determined. We define Pjlc(z) = Pk(z), k = 0, 1, 2,..., 
and repeat this construction for each j = 1, 2, 3 ,... . Since (Pjk : k = 0 1, 2 ,...) 
is a basis for Kj , Theorems 2 and 3 imply that there exists a sequence 
(Pjk : k = -1, -2, -3,...) of functions analytic on ei such that any (vector- 
valued) analytic function f;, on Kj can be expanded compact-openly on Kj 
in the form 
h(z) -h(a) = k$o A(k) Pja(z), A(k) = (l/274 j-,, Pi,--k--l(t)f(t) dt (5.1) 
9 
where Lj = Lj(x) for a suitable x in X. For the case of the unbounded 
component e, of the complement of K we let P,,(z) = Pe(z), and use 
Theorems 2 and 3 to get the sequence (POk : k = -1, -2, -3,...) such that 
any f0 analytic on the complement K,, of the unbounded component of the 
complement of K can be expanded in the form fO(z) = Cr=, A(k) P&Z), 
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with the A(k) given as in (5.1). We define Pjk(z) = 0 for z on Kj , k = 
-1, -2, -3 ,..., j = 0, 1, 2 ,... . 
Now if f is analytic on K, then (2.8) of Theorem 1 implies that f is the 
sum of (finitely many) functions h , each analytic on Kj , since if 
Cr=‘=, B( j, n) Qjn(z) converges uniformly on L&C), then it converges uniformly 
on &(x). Each Jj can be expanded in the form (5.1) (with the necessary 
change when j = 0), and so f can be expanded compact-openly on K in 
the form 
N m  
f(z) = AK4 0) + c 1 A(j, k) Pjdz), 
j=O k=l 
AU, 4 = UP74 Jrtv) f(t) f’i,-,-10) dt, j = 0, 1, 2,...; n = 1, 2, 3 ,..., 
for a suitable y in X. The uniqueness of this compact-open expansion off 
follows exactly as the uniqueness of the expansion in (2.8) since if j # 0, 
then p,,(t) Pj,-,-l(t) is analytic on the bounded set e, , for m and 
k = 0, 1, 2 ,..., n = 1, 2, 3 ,..., m # j; if j = 0, m and k = 0, 1, 2 ,..., n = 
1) 2, 3). . . ) m # 0, then Pmk(t) Po,-,&t) is a rational function with all its 
poles inside &(y) and with denominator of degree at least two greater than 
the degree of the numerator (from (3.4)); and finally, if m = j, then from 
(5.1) and the fact that (pjk : k = 0, 1,2,...) is a basis for Ki , we have that 
Pjk(t) Pj,-n-l(t) = %k 
forj, k = 0, 1, 2 ,..., n = 1, 2, 3 ,... . 
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